A CONTRIBUTION FOR A MATHEMATICAL 
CLASSIFICATION OF SQUARE TILES 



JORGE REZENDE 



1. Introduction 

In this article we shall study some geometric properties of a non-trivial square 
tile (a non- trivial square tile is a non-constant function on a square). 

Consider infinitely many copies of this single square tile and cover the plane 
with them, without gaps and without overlaps (a tiling of the plane), with the 
vertices making a square point lattice. The question we ask ourselves in this 
article is the following: if there is a rotation center of order 4 what kind of 
geometric properties has the drawing in the tile? 

1.1. Trivial patterns. In this article we represent rotation centers of order 4 by 
small black squares; those of order 2 by small circles; reflections are represented 
by red lines. We do not represent glide reflections. The border of fundamental 
regions are represented by yellow lines. 
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Figure 1. 

Take a square tile like the one that is shown in Figure [1^. If one translates it 
(Figure [l]b), rotates it around a vertex (as in Figure |2]b) or around the center of 
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Figure 2. 



one edge (as in Figure |2p), one can obtain different patterns. These are the trivial 
ones and these operations (translations, rotations around a vertex or, of order 2, 
around the center of one edge) are also called trivial. 

In the trivial patterns the rotation centers of order 4 can only be in the vertices, 
and the rotation centers of order 2 can only be in the vertices or in the center of 
the edges; these are the trivial centers. 

All compositions with a 1968 tile by Querubim Lapa (see page 31, in [T]) have 
rotation centers of order 2 and 4 that are obtained in this way. 

However, a 1966 Eduardo Nery tile (Figures |3] and 28 -301 can help us to see 
that there are tilings of the plane with infinitely many copies of a single and 
"simple" tile that are not trivial. 




Eduardo Nery tile 



A mathematical sketch 



Figure 3. 



1.2. A Eduardo Nery tile. In 1966, the Portuguese artist Eduardo Nery designed 



a pattern tile, with remarkable properties (see Figures and 28-30). It can be 
seen in several locations in Portugal (see References (11,131 and L4J) such as: 
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a) the agency of the former Nacional Ultramarino Bank, Torres Vedras (1971- 
1972); 

b) the Mertola Health Centre (1981); 

c) the Contumil Railway Station, Oporto (65 panels in three passenger platforms, 
1992-1994). 

If one assembles four of these tiles around a corner making a square and then 
translates it parallelly to the edges, covering the plane, one obtains eleven (11) 
different tilings with symmetry by reflexion and twelve (12 = 6x2) without 
it. In the eleven (11) tilings are represented eight (8) wallpaper groups: pm (1), 




c2mm p2mm 

Figure 4. 




p4gm 

Figure 5. 
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p2mm (1), p2mg (1), p2gg (1), cm (3), c2mm (1), pAmm (1) and p4gm (2). In the 
twelve (12) tilings without symmetry by reflexion are represented two wallpaper 
groups: pi (10) and p2 (2). The meaning of these notations on wallpaper groups 
can be seen in References Q, 0, HH. 

Three of these tilings are represented in Figures |4] and |5| They show rotations 
centers of order 2 in the interior of the tiles and rotation centers of order 4 in the 
middle of some edges. This means that they are not trivial. In the Appendix, 



Figures 28-30 show the same patterns in coloured tilings. 

Figure]6] represents all the symmetries of this Eduardo Nery tile. 



Symmetries of Eduardo Nery tile 

Figure 6. 

These interesting three examples of non trivial tilings of the plane (in particular, 
the one of Figures |5] and 30) encouraged this search for an answer to the question 



that we asked ourselves in the beginning: if there is a rotation center of order 4 
what kind of geometric properties has the drawing in the tile? 



2. The general rules and their exceptions 

In the following, remember that we represent rotation centers of order 4 by 
small black squares; those of order 2 by small circles; reflections are represented 
by red lines. We do not represent glide reflections. The border of fundamental 
regions are represented by yellow lines. 

Consider a p4 pattern on the plane (R^, the referential of the pattern) with 
rotation centers of order 4 located in the points {y,s) G "Z? (r and s are integer 
numbers). 

Let (p, q) , (r, s) G Z^. Consider the coordinate system defined by the origin 
(0,0) and the vectors u = {p,q), v = {—q,p). Then 
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p2 + 



{qu + pv) . 



Hence, in the referential with (0,0) as origin and u and v as vectors (the 
referential of the tile; see Figure|7]), the point (r, s) G "Z?, in the referential of the 
pattern, has coordinates 



p^ + q^ 



[rp + sq,sp — rq) . 



(0,1) 




(0,0) 



Figure 7. 



In the following we shall always represent the domain of a tile as the 
square [0, 1]^ (see Figure[7j). In a tiling of the plane, with infinitely many copies of 
this square tile, each tile is located in a region [p, p + 1] x [i^, + 1], with p,q ^'Z.. 
If no confusion is possible we use the domain to denote each tile. 

The majority of the tiles that one can see are of one of four types. However 
there are eight exceptions to these general rules. 

2.1. The first type of general tiles. Take p and q both even or both odd numbers 
(p + is even) and the square with vertices in (0,0), {jp,<]), {—cj, p), {p — q,p + q), 
in the referential of the pattern, or any translation of this square. A tile of this 
type is obtained by intersecting this square with the pattern in the plane. 
The rotation centers of order 4 are located, in the referential of the tile, at 

1 

{ao, bo) + ^2 ^^2 (^P + - ^H) ' 
for some (aq/ &o) ^ [0, 1] , and with r,s ^Z. 
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Define pi = q\ = then p = pi + qi and cj = cji — pi- Notice that for 
any pi, qi G Z, pi + qi and qi — pi are both even or both odd numbers. Then, 
the rotation centers of order 4 are located, in the referential of the tile, at 



(flo,&o) + 



2 {V\ + 



{r (pi + qi)+s {qi - pi) ,s (pi + qi) + r (pi - qi)) , 



for some {uq, bo) G [0, 1] , and with r,s ^ X. 

The number of such rotation centers is an even number, p^ + q^^ = 2 + q^ . 



o 


♦ 


♦ 


o 



p=1, q=1 



p=1, q=1 



Figure 8. 

In Figure |8] we consider p = q = 1 and represent two tiles. In the left one there 
is a center at (1/2, 1/2) and the other centers are trivial, located in the vertices. In 
the right one there is a center at {uq, bo) and the other at (aq + ^/2, bo + 1/2). We 
only represent p4 versions of the tiles; there are also p4mm versions and p4gm 
versions. 
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o o 
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o o 

— ♦ — 
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p=2, q=0 



p=2, q=0 



Figure 9. 
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In Figure |9] we consider p = 2 and q = and represent two tiles. In the left 
one there are centers at (1/2, 0), (0, 1/2), (1/2, 1/2), (1, 1/2), (1/2, 1) and the others 
are located in the vertices. In the right one there is a center at (uq, bo) and the 
others at {uq + 1/2, bo), (uq + 1/2, bo + 1/2) and (ao, bo + 1/2). We only represent 
p4 versions of the tiles; there are also p4mm versions and p4gm versions. 

2.2. The second type of general tiles. Take p and q such that if one of them is 
even the other is odd (p + q is odd) and take the square with vertices in (0, 0), 
{p,q), {—q,p), {p — q,p + q), in the referential of the pattern. A tile of this second 
type is obtained by intersecting this square with the pattern in the plane. 
The rotation centers of order 4 are located, in the referential of the tile, at 



1 



[rp + sq,sp - rq) , 



p2 -)-(j2 

with r,s ^"Z.. 

The number of such rotation centers is a odd number, p^ + q^. 
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o 



o 
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p=1, q=0 



p=1, q=2 



Figure 10. 



In Figure 10 we represent two tiles. In the left we consider p = 1 and q = 0; 
there are only centers located in the vertices. In the right we consider p = 1 and 
q = 2; there are centers at (2/5,1/5), (4/5,2/5), (3/5,4/5), (1/5,3/5), and the others 
are located in the vertices. We only represent p4 versions of the tiles; there are 
also p4mm versions and p4gm versions. We can also consider interchanging p 
and q; the figures are the same but seen as in a mirror. 

2.3. The third type of general tiles. Take p and q such that if one of them is even 
the other is odd (p + q is odd) and take the square with vertices in (— p/2, — '?/2), 
(p/2, q/2), {p/2 — q,p + '?/2), ( — p/2 — q,p — q/i), in the referential of the pattern. A 
tile of this third type is obtained by intersecting this square with the pattern in 
the plane. 
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The rotation centers of order 4 are located, in the referential of the tile, at 

1 



withr,s G Z, {a,})) = (^|,o) or {a,b) = (o,^ 

The number of such rotation centers is a odd number, + q^. 



o 



o 



o 



o 



p=1, q=0 



p=1, q=2 



Figure 11. 



In Figure 11 we represent two tiles. In the left we consider p = 1 and q = 0; 
there are centers located at (1/2, 0) and (1/2, 1). In the right we consider p = 1 
and q = 2; there are centers at (1/2, 0), (V2,l), (3/10,2/5), (9/10,1/5), (7/io,3/5) 
and (3/10,2/5). We only represent p4 versions of the tiles; there are also p4mm 
versions and p4gm versions. We can also consider interchanging p and q; the 
figures are the same but seen as in a mirror. 

2.4. The fourth type of general tiles. Take p and q both odd numbers and the 

square with vertices in (0, 0), j (p, q), \ {p — q,p -\- q),\ {—q, p), in the referential 
of the pattern. A tile of this type is obtained by intersecting this square with the 
pattern in the plane. 

The rotation centers of order 4 are located, in the referential of the tile, at 

2 

^) + p2^^2 i^P + ^P - ' 

withr,s G Z, {a,b) = (0,0) or {a,b) = (1,0), indifferently. Notice that if there is 
a rotation center at (0,0), then there is another one at (1, 1); the same happens 
with (1,0) and (0,1). 

The number of such rotation centers is not an integer; it is {p^ + where 
p^ + q^ is even. 
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o 



o 



p=1, q=1 



p=1, q=3 



Figure 12. 



In Figure 12 we represent two tiles. In the left we consider p = q = 1; it is a 
tile without symmetries. In the right we consider p = 1 and q = 3; there are 
centers at (3/5, 1/5), (2/5,4/5), and the others are located in the vertices (0,0) and 
(1, 1). We only represent p4 versions of the tiles; there are also p4mm versions 
and p4gm versions. We can also consider interchanging p and q; the figures are 
the same but seen as in a mirror. 

2.5. The exceptions. There are eight exceptions to these four general rules. All 
of them have two rotation centers of order 4 in the middle of two edges. 

In the first type of these tiles these two edges have a common vertex. Assume 
that the rotation centers of order 4 are at (1/2,0) and (0,1/2). Then, there are 
also rotation centers of order 2 at (1/4, 1/4), (3/4, 1/4), (3/4, 3/4) and (1/4, 3/4). This 
tile with reflections, has the diagonal that contains (0, 0) a reflection line (p4gm). 



This is exactly the case of Eduardo Nery tile. See Figure 13 



o 



o 



o o 
— ♦ — 




Figure 13. 



In the second and third types of these tiles these two edges have no common 
vertex. Assume that the rotation centers of order 4 are at (1/2,0) and (1/2, 1). 
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In the second type there is translation invariance by the vectors (1/2, 1/2) and 
[^1/2,-1/2). This tile with reflections, has a reflection line containing the points 
[^1/2, 0) and (1/2, 1) (p4mm), or a reflection line containing the points (0, 1/2) and 



^1,1/2) (pAgm). See Figure 14 
I ♦ 1 






Figure 14. 

In the third type there is no translation invariance and one has rotation centers 
of order 2 at (1/4, 1/4), (3/4, 1/4), (3/4,3/4) and (1/4,3/4). This tile with reflections, 
has a reflection line containing the points (1/2, 0) and (1/2, 1) (p4mm), or a reflec- 



tion line containing the points (0, 1/2) and (1, 1/2) (p4gm). See Figure 15 
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Figure 15. 



3. Proofs 

3.1 . The general rules. Consider a tiling of the plane with infinitely many copies 
of a square tile. Each tile is located in a region [p, p + 1] x [q,q + 1], with p,q ^ 
This tiling has a non-trivial rotation center of order 4 in the point {a, b) G [0, 1] . 
Non-trivial means that it is not one of the four vertices of the tile. 
We shall assume w.l.g. that < b < a < 1/2, a > 0. 
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3.1.1. The action of a rotation on the tiles. In this section's figures we denote the 
vertices in the different tiles in the following way (see Figures 16 and 17 1: 

a) For the tile [0,1]^: 

(0,1) is "2", (0,0) is "3" and (1,0) is "4". 
[-1,0] X [0,1]: 

-1,1) is "a2", (-1,0) is "as" and (0,0) is "a^". 
[0,1] X [-1,0]: 

', (0,0) is "b2", (0, -1) is "bs" and (1, -1) is "b^". 
[-1,0] X [-1,0]: 

-1,0) is "C2", (-1, -1) is "C3" and (0, -1) is "c^". 
[1,2] X [0,1]: 

', (1,1) is "d2", (1,0) is "ds" and (2,0) is "d^". 
[1,2] X [-1,0]: 



(1,1) is "1", 

b) For the tile 
(0,1) is"fli' 

c) For the tile 

(1.0) is"bi' 

d) For the tile 
(0,0) is"ci' 

e) For the tile 

(2.1) is"di' 

f) For the tile 



(2,0) is "ei", (1,0) is "e2", (1, -1) is "es" and (2, -1) is "e^' 
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Figure 16. 



A single square tile can be located in, at most, four different ways in every 
[p, p + 1] X [q,q + 1]. We denote A, B, C and D the different ways of locating the 
tile in [—1, 0] x [0, 1] . We denote E, F, G and H the different ways of locating the 
tile in [0,1] x [-1,0]: 
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Figure 17. 



A/E B/F C/G D/H 



fli / fci 

fl2 / b2 

fl3 / &3 
fl4 / &4 



1 

2 

3 
4 



2 
3 
4 
1 



3 
4 
1 
2 



4 
1 
2 
3 



The rotation of order 4 around (fl, b) generates the following transformations 



on the tile (see figures 16 -24). In these tables "4" means rotation center of order 
4, "2" means rotation center of order 2 and "tr" means translation: 



A 



4 
4 

2 
tr 



(a,b) 
\ + a,\ + b 

[^ + a,b 



B 

{a,b) 
(1 + — + fc) 

l+a-h 1+fl+fo' 



c 

{a,b) 



[\-b,\ + ^ 



D 

{a,b) 
{a + b,b — a) 



-2a,l-2b) {a-b,a + b) 
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E F G H 

4 {ci,b) {a,b) (cifb) {a,b) 

4 (l+a,l+b] {a-b,a + b) (l+b,l-a) {a + b,l-a + b) 

tr - {a + b,b-a) {2a -1,2b) (1 - a + b,l - a - b) 

Each set of transformations, in these cases (A, B, C, D, E, F, G and H), generates 
a p4 pattern in the plane with puj + qvi translation invariance, where Mj and vi 
are 

A B C D 



Ui 



(I'l) {l — b,a) (^ — a — b,\+a — b^ {a,b) 
{^~\>l) {—dA — b) (^—2 — a + b,2 — (i — b^ {—b,a) 



H 



Ui {I'l) (^'^) (\—a + b,\—a — b^ {b,l — a) 

For the tile located at [—1, 0] x [—1, 0], the results are 

Ci = 1 Ci = 2 Ci = 3 Ci = 4 

4 (fl, ia,b) {(i,b) 
4 (a,l + b) (^l + a-b,l + a + b^ {-b,a) a + b,\ - a ^-b^ 

2 {\ + a,\+b) (^,i±f±^) 

tr - - (2a,2fc) {a-b-l,a + b) 



(ci^)l (ci^)2 (ci:^)3 (ci^)4 

Ui (1/0) — fc, l + flj {a — b,a + b) (l + b,^ — a 

Vi (0,1) ^— J — fl, {—a — b,a — b) ya — \,\ + b 

Notice that there are more transformations involving, for example, the interac- 
tion of the tiles [-1,0] X [0,1] and [0,1] x [-1,0]: 
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A B 
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1-a+b 



2b 



1 






(a, b+1/2 

o 


(a+1/2^+1/2) 












(a+1/2,b) 


a ■ 







1-2b 



2a 
a+b 



((1+a-b)/2, (1+ii+b)/2) 

o 



(1+a 



b, a+b) 



a+b 



2a 



a-b 



1-2b 



Figure 18. 




1-a-b 
1-2a 



1-2a 1-a-b 



Figure 19. 



(a-b, a+b) 



(a.b) 

t 



2b 



1-a+b 



(a+b, b-a) 
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AE 



AF 



AG 



AH 



4 
4 
2 
tr 



J + a — b,j + a + b 
{-b,a) 

l+a-b a+b \ 
2 ' 2 J 



{l-b,a) 
{l-a,-b) 

{2a,2b) 



J + a + b,^ — a + b 
{l + b,l-a) 

(—a + b,l — a — b) 



BE 

4 (^l + a-b,l + a + b 
4 {a,l + b) 

2 

tr (l — a — b,a — b) 



BE 

{l-b,a) 
{-b,a) 
\-b,\ + a 



BG 



a — b 



{l-a,-b) 

1 a+h \+a—h 



BH 

{l-a,l-b) 
(l + fc,l-fl) 

{-2b,2a) 
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CE CF 

4 {b,l — a) — a — b,2 + a — b 

4 {a,l + b) {-b,a) 
2 

tr (2a, 2b) {-a + b,l - a - b) 



CG CH 

{l — a,l — b) — a + b,2 — a — b 
{l-a,-b) {l + b,l-a) 

{l-a,l-b) (i=f±^,l-^) 



4 
4 
2 
tr 



DE 



(^2 + a + b,2 — a + b 
{a, 1 + b) 

l+b 1-a+b 
2 ' 2 



DF 

{a,b) 
—b,a) 



DG 



(^2- a + b,2 



{l-a,-b) 



{-2b, 2a) (1 



b,a — b) 



DH 



{b,l-a) 
{l + b,l-a) 
{i + b,l- 



i AE/BF/CG/DH AF/BG/CH/DE AG/BH/CE/DF AH/BE/CF/DG 

(1/0) {^ + a,2 + b^ {a — b,a + b) ^2~^/2~^) 

(0/1) (^—\ — b,2 + a^ {—a — b,a — b) ^fc — |, | — a j 

3.1.2. Case E. In this case the transformations are the three rotations of order 4 (ctq, 
(Ti and (72) with centers located at (a, b), (1/2 + a, 1/2 + fc) and {a — 1/2, 1/2 + b), 
and the rotation of order 2 ((73) with centers located at {a, 1/2 + b). These trans- 
formations are compatible in the sense that they generate a pattern p4 in the 
plane. 



E E 




Figure 20. 
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Proposition 3.1. The tile is such that it has the pattern p4 generated by the four 
transformations in the plane (R^). 



Proof Consider the dashed square gr contained in the tile (Figure 20 1, gr is 
a generating region of the pattern p4 in the plane. Its rotation by covers 
[0,a] X [b + 1/2,1]. Its rotation by ctq, cTq and Oq covers [0,a] x [0,b + 1/2] and 
[a, a + 1/2] X [0,b]. Its rotation by (Ti, al and cr^ covers [a + 1/2,1] x [b,l\ and 
[a, a + 1/2] X [fc + 1/2, 1] . The rotation of [a, a + b] x [b + 1/2, 1 — a + b] hy ai cov- 
ers [a + 1/2, 1] x [0, fc] . □ 

3.1.3. Case F. In this case the transformations are a translation hy u = (a + b, 
b — a), two rotations of order 4 ((Tq and ai) with centers located at {a,b) and 
(a — b,a + b), and a rotation of order 2 (02) with center located at (^, ^) . 
These transformations are compatible in the sense that they generate a pattern 
p4 in the plane. 



(a-^a+b) 



((a-b^/24a|+b)/2) 

(a.b) 4 



(-2b, ) 





(2a, 2a+2b) 




^(a-b{a+b) 






9'' 


(2a, 2b) 


\ 


\{a, b)/ 

\ — r 





(2a,0) 



Figure 21. 



Proposition 3.2. The covered region of the tile, by the pattern p4 in the plane, is the 
union of [2a, 1] x [0, a + b] and the translations by nu of [0, 2a] x [0, 1] and (whenever 
a + b < 2 and b < a)by —nu of[2a,l — 2b] x [a + b,2a], n = 0,1,2, . . . 

Proof. Consider the dashed triangle gr contained in the tile (Figure [21]); gr is 
a generating region of the pattern p4 in the plane. Its rotations by oq cov- 
ers the quadrilateral with vertices at (0,0), P, {2a, 2b) and {a — b,a + b); P = 
{2{a^ + b^)/{a + b),0). The triangle with vertices at P, {2a,0) and {2a, 2b) is the trans- 
lation by u of the triangle with vertices {{a- b)^/ {a + b), a — b), {a — b,a — b) and 
{a — b,a + b). Hence, we have covered a quadrilateral with vertices at (0,0), 
(2fl,0), {2a, 2b) and {a — b,a + b). Its rotation by (Ji, and covers the rectan- 
gle [0,2a] X [0,2a + 2b]. 
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If one rotates this last rectangle by (Tq ^, one covers [2a, 3a + b] x [0, a + b]. Let 
us use the notations 

a„ = (n + 3) + (n + 1) b, for < n <^ 



1, for n > 



a + b 
1 — 3a — b 



a + b 

I -la -2b 



yn = {n + 2)a + {n + 2)b, f or < n < 
= 1, for n > 



a + b 

I -2a -2b 



a + b 

and call TZn the region union of [0,2a] x [0,7„] and \2a,cin] x [Q,a + b]. This 
region of the tile has the pattern p4 of the plane for n = 0. 
Assume that, for some n > 0, the region TZn is covered. 

Rotating TZn by cti, one covers also the rectangle [a — b,2a] x [yn,^n+\\- The 
rectangle [0, a — fc] x [j„,jfi+i] is the translation by (— w) of [a + b,2a] x [7„ — 
^ + ^/7m+i — a + b]. Hence, the region [0,2a] x [7„,7„+i] is covered, and so is 
the region [0,2a] x [0,7„+i]. 

If one rotates this last rectangle by (Tq^, one covers [2a, a„+i] x [0, + . Hence, 
TZn+i is covered. 

Notice that if ocn = 1, then 7„+i = 1, and if 7„+i = 1, then = 1. Therefore, 
for some n > 0, TZn is the union of [0, 2a] x [0, 1] and [2a, 1] x [0, + fc] . 

li a + b < 1/2 and b < a, then rotating [0,2a] x [0,1] by cr^^, one covers 
[2a, 1- 2b] x[a + b,2a]. 

Finally, the covered region of the tile, by the pattern p4 in the plane, is the union 
of [2a, 1] X [0, + b] and the translations by nu of [0, 2a] x [0, 1] and (whenever 
a + b < 1/2 and b <a)hy -nu of [2a, 1- 2b] x[a + b,2a], n = 0,1,2,.. . □ 

Notice that the covered region contains 

|(x,i/) G [0,1]^ : y < 1 + (fl + by^ (& - a) (x - a + &)} . 

3.1.4. CaseG. Assume that (fl, &) 7^ (1/2, 0). In this case the transformations are 
a translation by w = (1 — 2a, —2b), and three rotations of order 4 {ctq, di and (72) 
with centers located at {a, b), (1/2 + b, 1/2 — a) and (1/2 — b,a — 1/2) (see Figure 



22 1. These transformations are compatible in the sense that they generate a 
pattern p4 in the plane. 

Notice that if {a, b) = (1/2,0), the transformations collapse: u = and all the 
centers are located at (1/2,0). 
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G 




,-2b) 






2 


4 




(b+1^ -a+1 


2) 







(1/2-bj^-1/2) 




Figure 22. 



FIGURE 23. 



In Figure 23 the black rectangle. Tin, has vertices at (a:„,0), (j6„,0), (a:„,7„^ 
and (|6„,7„), with 



0<a„<fl<- + fc<|6„<l, 
1 

and 0<- — fl + &<7„<l. 

The red and the green rectangles are rotations of the black one by (Tq, Og , cr^ 
and cr\, in the left hand side (of Figure 231, and by Oq, Cq^, a^^ and a^, in the 
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right hand side (of Figure |23]). The points Pi, ... , P4, Qi, . . . , have coordinates: 



Pi = 


( a -\-h — — a -\- h -\- Pi 


^ 2 


(a -i-h —a -Lh -L a\ 


P^ = 


( n -\- h 1 — n -\- h — fV 

\ H- 1 xJ f X. H- 1 L' L-V 1 


P. — 
i 4 — 


/ /7 1 rl 1 r\, 1 /7 1 \y fv \ 

\U ^ V ^ Yri/ -L — u -\- u — (Xfi J 


Qi = 


{2a- ^n,2b-j„) 


Q2 = 


(1 — a + b, —a — b + a„) 


Q3 = 


{a + b + jnA - a + b - ^n) 


Q4 = 


{a + b - jn,-a + b + an) 


Q5 = 


(a — b,a + b — /3„) 


Q6 = 


(l + 2b — (Xn, 1 — 2a — 7„) . 



The coordinates ctn, jS„ and 7„ are defined as follows: 

1 1 

(\Lo = a, ^Q = - + b, jQ = --a + b; 

tXn+l = a + b - jn, if + - 7n > 0, 
= 0, if + — 7„ < 0; 

^n+l = a + b + Jn, if + & + 7n < 1, 

= 1, if fl + & + 7„ > 1; 

1 

7„+i = -fl + + |6„, iffl + fc<-, 

1 

= 1 — + — if + > -. 



Notice that 7„ < 1 — a + fc, for every n = 0, 1, 2, . . . 
Proposition 3.3. Tte h7e is such that the region 

[0,2a] X [0, 1 - fl + 3&] U [2a, l]x[0,l-a + b] 
has the pattern p4 generated by the four transformations in the plane (R^). 

Proof 1. Assume that a + b < j and b > 0. Then 

1 , 4a + 2b-l 

ocn = 2a — [n — 1) b — -, for 1 < n < 



0, for n > 



2' - - 2b 

4fl + 2fc - 1 



2& 
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1 1 '2.1) 

jS„ = (n + 1) & + for n < 

1 1 

7„ = (n + 1) & - + forn < — 

1 

— 1 — a + b, for n > — . 

Notice that 

a) 

4a + 2&-l < 1-2& < 1; 

b) for every n > 0, 

(a + b-jn)- {2a - jS„) = & > 0; 



c) 
d) 

e) however. 



hence, if 



1 

2b — jn = b — bn + a — - < —bn < 0; 



1 

o-n — a — b — a — bn — - < —b{n + l) < 0; 



1 

(fl + & + 7m) - (1 - fl + &) = fl + & (n + 1) - 2/ 

1 

1 — a + b — ^n — ^ — a — bn; 



l-2a-2b l-2a 

<n< 



2b 2b ' 

there is a a small rectangle with vertices at (1 — a + b,0), (1/2+ (n +2) b,0), 
(1/2 + (n + 2) b, 1/2 - - n&) and (1 - a + fc, 1/2 - - nb). 

This rectangle is the translated by u of the rectangle with vertices {a + b, 2b), 
(-1/2 + {n + 2)b + 2a,2b), (-1/2 +{n + 2)b + 2fl,i/2 - a - n& + 2&) and {a + 
b, ^/2-a-nb + 2b). 
f) As 



jS„- 1^-^ + (n+2)& + 2a^ =l-2fl-&>0. 



g)and 



7„ - Q - fl - nfo + 2fc^ = (2n - 1) > 0, 
this last rectangle is contained in IZn, forn > 1. 
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2. Assume that a + h>\ and a <\. Then 

<x-n — \n + l)a — -, for n < 



0, for n > 



2 - l-la 

2a 



I -2a 



jS„ =2fo- (n-l)a + -, forl<n< 



1, for n > 



2 - - l-2a 

2 - 2a - 4& 



1 -2a 



, ^ , , n + 1 . 1 
7w = - (w + 1) « + ^ H ^/ for n < ^ 

1 

— 1 — a + b, for n > . 

~ 1 - 2a 

Notice that 

a) 

2 - 2a - 4& < 2a < 1; 

2a 



b) for every n < ji 



-2a 



1 

(1 + 2& - a„) - (a + & + 7„) = - - a > 0; 



c) for every n < 



1 

1 - 2a - 7„ = - (2fl - 1) (n - 1) - b < 0; 



d) for every 1 < n < ^ 



2-2a-Ab 



-2a 



e) however. 



hence, if 



1 

a + & - jS„ = -n (2a - 1) - & < 0; 



1 

(a + & - 7„) - (a - &) = & + - (2a - 1) (n + 1) , 

1 

— a + & + a„ = & + -n (2a — 1) ; 



2a + 2& - 1 2& 
< n < 



l-2a l-2a' 
there is a a small rectangle with vertices at (a — 1/2(1 — 2a) (n + 1), 0), (a 
(a - + (i/2)n(2a - 1)) and (a - 1/2(1 - 2a) (n + 1),& + (i/2)n(2a - i; 
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This rectangle is the rotation by (72 of the rectangle with vertices (1 — a — b,0), 
{1-a- (V2)n(l - 2a), 0), {1 - a - (i/2)n(l - 2a), -b + 1/2(1 - 2a){n + 1)) and 
ll-a-b,-b + 1/2(1 - 2a){n + 1)). 

As 

f) 

(l-a + b-dn)- (^-b + ^ (1 - 2fl) (n + 1)^ =^-a + 2b>0, 

g) 

{a + b + 'Yn) - (l-a-^n{l- 2a)^ = a + 2b -^ + n{l-2a) 

3 

>3a + 4b - ->b; 

this last rectangle is contained in the red rectangle with vertex P4. 

3. Assume that a < 1/2 and b = 0. 

In this case u = (1 — 2a, 0). The generating region, gr, of Figure 22 is the 
square with vertices at {a,0), (1/2,0), (1/2,1/2 — a) and (fl, 1/2 — a). Rotating it 
around the center (1/2, 1/2 — a), one obtains another square with vertices at {a, 0), 
(1 — a, 0), (1 — fl, 1 — 2a) and {a, 1 — 2a). Translating this last square by pu, with 
p G Z, one obtains [0,1] x [0,1 — 2a]. Rotating this region around the center 
(1/2, 1/2 — a), one obtains the union of [0, 1] x [0, 1 — 2a] with [a, 1 — a] x [0, 1 — a] . 
Translating it by pu, with p G Z, one obtains [0, 1] x [0, 1 — fl] . 

4. Assume that b > and a = 1/2. 



In this case u = (0, —2b). The generating region, gr, of Figure 22 is the square 
with vertices at (1/2,0), (1/2 + b,0), (1/2 + b,b) and (1/2, fc). Rotating it around the 
center (1/2, b), one obtains another square with vertices at (1/2 — b, 0), (1/2 + b, 0), 
(1/2 + b,2b) and (1/2 — b,2b). Translating this last square by pu, with p G Z, one 
obtains [1/2 — fc, 1/2 + &] x [0, 1]. Rotating this region around the center (1/2, fc), 
one obtains the union of [1/2 — b, 1/2 + b] x [0, 1] with [0, 1] x [0, 2b] . Translating 
it by pu, with p G Z, one obtains [0, 1] x [0, 1] . □ 

3.1.5. Case H. In this case the transformations are a translation by h = (1 — 
a + b,l — a — b), two rotations of order 4 (aQ and ai) with centers located at 
{a, b) and {a + b,l — a + b), and a rotation of order 2 (02) with center located 
at ( 1+^+^ ^ 1=|±^) . These transformations are compatible in the sense that they 
generate a pattern p4 in the plane. 

Proposition 3.4. The tile is such that it has the pattern p4 generated by the four 
transformations in the plane (B?-). 



Proof. Consider the dashed triangle gr contained in the tile (Figure |24| ); gr 
is a generating region of the pattern p4 in the plane. Its rotation by (Iq, Oq 
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(a-b,a+b-1) 



Figure 24. 



and Og covers the union of [a,l] x [0,b], the quadrilateral with vertices {0,b), 
{a,})), {a + b,l- a + b) and P2; Pi = (0,2&+ (i-2fl)(i-« + Its ro- 
tation by ^2 covers the triangle with vertices (a + b,l — a + b), (1,0) and Pi; 
Pi = {1,1 — a + b^/{i - a)). The triangle with vertices {a + b,l — a + b), Pi and 
(1,1 — a + b),is the rotation by Ci of a triangle in gr. The triangle with vertices 
(0, 1 — + b), P2 and (a + b,l — a + b), is the rotation by cr^^ of a triangle in gr. 

Hence, the region union of [a, 1] x [0, b] and [0, 1] x [b,l — a + b] is covered. 
Its rotation by cTq covers [0, a] x [0, b] . The rotation of [0, 1] x [0,1 — a + b] by ai 
and (7j~^ covers [0, 1] x [1 — a + fc, 1] . Therefore the proposition is proved. □ 

3.1.6. Periodicity of the tile pattern. Let us briefly point out that all the transforma- 
tions involving cases A, B, C, D, E, F, G and H, transform the generating regions 



(gr, see Figures 20-24]), covering the tile. 
Remember now that 



A 



B 



D 



1 1 

2' 2 

1 1 
"2' 2 



:i-b,a] 



hl-b) (- 



1 _ 
2 

1 
"2 



-b,\ + 
+ b,\- 



{a,b) 



7) (-&,, 



H 



Ui 
Vi 



1 1 

2' 2 

1 1 
2' 2 




(fc,l -fl) 

{a-l,b) 



or 
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1. For all the cases involving the three tiles [0,1]^, [-1/0] x [0/1] and [0,1] x 
[—1,0] one has the following: 

a) For the seven cases AE, AF, AG, AH, BE, CE and DE, one has 

puA + (j^A ^ \ {p - cj^p + (j) = p (^\.\^ + q 

puE + qvE ^^ip-q,P + q) = P (^4) ("^'^ ' 

b) BF 

puB + qvB + qup - pvp = {p,q) = p (1,0) + q (0,1) ; 

c) BG 

(p + q)uB + iq- p) Vb + puG + qvc = q Q/ ^) " P (-^' ^ ' 

d) BH 

puB + qvB + puH + qvH^p (1, 1) + q (-1/ 1) ; 

e) CF 

puc + qvc +{p + q)uF + {q-p)vF = p Q, ^+q (^-^/ ^ ; 

f) CG 

puc- qvc + quG + pvG = (1,0) + p (0, 1) ; 

g) CH 

puc - qvc + {p + q)uH + {p-q)vH=-q (-^' ^) ' 

h) DF 

puD + qvD - qvp - pup = (0,0) ; 

i) DG 

{p + q)uD + {p- q) Vb + puc -qvc^p Q, ^ ~ ^ (~^' ^ ' 

i) DH 

pujj + qvu + quH - pvH = P (1/ 0) + (0, 1) . 
Hence, for the nine cases AE, AF, AG, AH, BE, CE, DE, CF and DG the tile has 
a pattern with rotation centers of order 4 at: 

for the cases BF, CG, and DH: 

(a,&)+p(l,0)+^(0,l); 
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for the case BH: 
for the case BG: 

for the case CH: 



3 1 
2 



with p,q G Z; for the case DF there is no conclusion. 
2. Remember that 

(ci=)l (ci=)2 (ci=)3 (ci 

(0,1) f— 2" fl, J — fc] {—a — b,a — b) ia — 2,j + b 

In the following the notations BGz, CHz, DFz, mean that Ci = i; also u = ujj 
Up and V = Vd = Vp (see Figures 16 and [17]). 



For all the cases involving the three tiles [0,1]^ [-1,0] x [0,1], [0,1] x [-1,0] 
and [—1,0] X [—1,0] one has the following: 

a) For the three cases BGl, CHI and DFl, one has 

pui + qvi = (p, q) = p (1, Q) + q (0, 1) ; 

b) BG2 

/I l\ fl 1 

puB + qvB-pu2-qv2 = q {-,-] + p{-,-- 

puc + + {p + q)u2 + {q-p)v2 = p + (^-^, ; 

c) BG3 

{q -p)uB + {p + q) Vb + pu3 -qv3 = q (1, 1) + p (-1, 1) ; 



1 1\ /II 

puG + qvG + pu3 + qv3 = P 1 2' 2 / ^ ^ 1 ~ 2' 2 



d) BG4 



/3 1\ / 1 3 
puB + qvB + pu^ + qv4 = P ( 2' 2 / ^ ^ V ~2' 2 

pUG + qVG - {p + q)ui + {p-q)Vi = p (^-^, ^ " ^ Q' \^ > 
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e) CH2 

puH + qvH + pu2 + qv2 = p Q, + ^ ' 

-puc + qvc + {p + q)u2+{p-q)v2 = q Q, ^ + P (-^' ^ ' 

f) CHS 

{p + q)uH + {-p + q) Vh + pu3 + qv3 = p (1, 1) + q (-1, 1) ; 
puc + qvc + qu3 - pv3 = p + q (-^, ^ j ; 



g) CH4 



in /I r 

puH -qvH- pui + qv4^ = q {-,-\ + p ; 



puc + qvc + {p-q)u4 + {p + q)v4 = p Q, + q (^-^/ ^ ; 

h) DF2 

pu-qv + qu2 + pv2 = q Q, ^ + P (^-^/ ^ ; 

i) DF3 

{q-p)u- {p + q)v + pu3 + qv3 = (0,0) ; 

j) DF4 

1 1\ /II 



-pu + qv + qu4 + pv^ = q [ +p ^ ^, ^ 

Hence, for the eleven cases BGl, CHI, DFl, BG2, BG3, BG4, CH2, CH3, CH4, 
DF2 and DF4 the tile has a pattern with rotation centers of order 4 at: 

with p,q G Z; for the case DF3 there is no conclusion. 

3. In the following the notation DF3z, means that Ci = 3 and d\ = i; also, 

u = ujj = Up, V = Vd = Vp, Ui = U]jp3i and Vi = Udfs; (see Figure [T7[). 
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DF31 DF32 DF33 DF34 

4 (fl + &-V2, il-b,a) {1/2- a + b, {l-a,l-b) 

1/2 - + b) 5/2- a- b) 

4 (fl - 1/2, 1/2 + &) {l-a,-b) (l/2+&,3/2-fl) + 

4 - {1-a-b, - {1-a + b, 

a — b) 1 — a — b) 

2 - - (i _ i±«=^) (bA-a) 

9 I ^ -L- l—a—b \ I a+b -i _i_ b— a \ 

^ - - \^^2'2)\2'^^2j 

2 - - 

tr {1-a-b, {lb -1,1 -la) 
a-b) 

\x {a — b — 1, {a + b — 1, 

a + b) 1-a + b) 

tr {2a -1,2b) 

i {d^ 1 {d^ 2 (ii =) 3 {di =) 4 

Mf (1/2 -a + b, {l-2a-b, (1/2 - 2fl + 2b, {l-2a + b, 
1/2- a-b) a -2b) 5/2- 2a -2b) l-a-2b) 

Vi {a + b-^/2, {lb -a, {la + lb -3/2, {a + lb-1, 

i/2-a + b) 1-la-b) ^/i-la + lb) 1-la + b) 

Notice that 

vi — ui — {2a — 1, lb) , U2 — {1 — a — b, a — b) — {a,b) , 
(l-a,\-b^ - {a,b) ^{l-2a,\- 2b^ , 

U3= (l- la, 2-lb^ + (lb -\,l-la^ , 
U4 — {1 — a + b ,1 — a — b) — {a,b) . 

a) DF31 

{p-q)u + {p + q)v + pui + qvi = P Q' ^ + ^ ^ ' 

b) DF32 

{2p + q)u + {2q - p)v + pu2 + qv2 ^ p{l,Q)+q{Q,l); 
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C) DF33 

(2p -2q)u + (2p + 2q)v + pu^ + qvs = p Q, ^ + 
d) DF34 

(2p - q) u + {p + 2q)v + pu^^ + qv^ = p (1, 1) + q (-1, 1) . 
Hence, for the case DF31, the tile has a pattern with rotation centers of order 4 

at: 

for the case DF32, the tile has a pattern with rotation centers of order 4 at: 

{a,b) + p {1,0) + q (0,1) ) 
for the case DF34, the tile has a pattern with rotation centers of order 4 at: 

ia,b) + p{l,l)+q{-l,l); 
with p,q G Z; for the case DF33 there is no conclusion. 

4. In the following the notation DF33z, means that C\ = 3, di = 3 and = i; also, 
u = uu = up,v = vu = Vp, Ui = uijp33i and Vj = V]jF33i (see Figure|17|). 




DF331 DF332 



4 (a + b, 

1-a + b) 

4 {a,l + b) 

4 (b,\-a) 

2 
2 
2 

tr (a + b-l, 
1-a + b) 

tr 
tr 




{2b, 1 - 2fl) 

{a + b,l — a + b) 
{b — a,l — a — b) 



DF333 

{1-a + b, 
1-a-b) 

{l + b,l-a) 
{l-a,l-b) 

f -I a+b a—b \ 

\^ 2 ' 2 J 



DF334 




(^^ + b,l-a^ 

^ l-a+b _ a+b ^ 
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i ^ (gl =)1 (gl =)2 (gj =)3 (gl =)4 

{h,l-a) (i/2-fl + &, (l-2fl + &, (3/2 - 2fl, 1/2 - 2&) 
1/2 - fl - &) 1 - fl - 2&) 

Vi {a-l,h) (fl + &-i/2, (fl + 2&-l, (2&-i/2,3/2-2fl) 
1/2 - fl + &) l-2a + b) 

Notice that 

ui = {a + b,l — a + b) — {a,b) , M2 + ^2 = (2&, 1 — 2fl) , 
Us = (1 — a + b,l — a — b) — (a,b) , 

(^2 + b,l — — {a,b) = ~ ^ + ^/ 1 ~ ^ ~ ^) / 
u^— ^2 ~ ^ + ^/ 1 ~ ^ ~ ^) + (^1 ~ ^ ~ ^/ ^ ~ ^ ~ 2) • 

a) DF331 

pu + qv + qui - pvi = p (1, 0) + g (0, 1) ; 

b) DF332 

{p-q)u + {p + q)v + pu2 + qv2 ^ P (^\'\^ + ^ (-^' ^ ^ 

c) DF333 

{2p -q)u + (p + 2q)v + pus + qvs = p (1, 1) + (-1, 1) ; 

d) DF334 

3 1\ / 1 3 



2pu +2qv + pu4, + qv4^ p [ - ] + q 



2 2) 'V 2 2 

-puDF33 - qvDF33 + {p - q) U4 + {p + q) V4 = p Q, ^ + q (^-^/ ^ 

Hence, for the cases DF332 and DF334, the tile has a pattern with rotation 
centers of order 4 at: 

(fl,&) + p Q,0 +q (^-^4) ' 
for the case DF331, the tile has a pattern with rotation centers of order 4 at: 

(fl,&) + p(i,o)+^(o,i); 

for the case DF333, the tile has a pattern with rotation centers of order 4 at: 

{a,b)+p{lA)+qi-lA); 

with p,q ^Z. 

Hence, we have proved 
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Proposition 3.5. Let {a, b) the rotation center of order 4 with < b < a < 1/2, 
a > 0, {a,b) 7^ (1/2,0). Consider the tiles [0,1] and [0,1] x [—1,0], and their 
four possibilities: E, F, G and H. The tile has a pattern ^4 with the following possible 
translation invariances: 

1) F,G and H:p (1,0) + q (0,1), p,q^^. 

2) F and H:p {1,1) +q (-1,1), p,qeZ. 

3) E, F, G andH: p 2) + ^ 2)' P'1 ^ ^• 

3.1.7. Mathematical classification of tiles in the general case. Consider a tile in 
like it is shown in Figure [7j Let n the number of rotation centers of order 4 in 
the tile. Assume that there are rotation centers of order 4 located at {a, b) and 
{a + a.,b + /3), with a > and j6 > 0, and that, in these conditions, (a + a.,b + ^) 
is the nearest from (a, b). Then, the rotation centers of order 4 are located at 

{a,b) + r {oi,fi) + s {-fi,oc) , 

with r.s G Z. The number of rotation centers in the tile is n = -^rriy?- 

We consider three possibilities. 

1. There is a rotation center at {a + 1, b) (as already seen this can be the situation 
in the cases F, G and H; we call them Fl, Gl and HI). Then, there are p, G Z 
such that 

p{a,^) + q{-^,ix) = (1,0); 

hence 



p'^ + q^ p'^ + q^' 



n = p + q and the centers are located at the points. 

1 

^) + ^2 I ^2 i^P + - ^q) ■ 

p -\- q 

2. There is a rotation center at (a + l,b + 1) (as already seen this can be the 
situation in the cases F and H; we call them F2 and H2). Then, there are p,q ^ Z 
such that 

p{a,^) + q{-^,a) = (1,1); 

hence 



p^ + q^ ' p^ + q^ 

n = ^ and the centers are located at the points 

1 

(«'^) + ^2 I .2 ip + 1) + Hi - p) 'Hp + 1) + Hp - 1)) ■ 

p -\- q 
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3. There is a rotation center at ^fl + & + 2) (^s already seen this can be the 
situation in the cases E, F, G and H; we call them E3, F3, G3 and H3). Then, there 
are p,q such that 



hence 



1 r 

2'2j' 



n — 2 (p^ + q-^) and the centers are located at the points 

1 

(«/^) + 2(^2Tp^ (P + 'l) +s(^?-p),s(p + (|) +r(p-g)). 

These are always in the first type of general tiles. The cases E3, F3, G3 and 
H3 are in the first type of general tiles. 
Hence, let us now consider the other five cases: Fl, F2, Gl, HI, H2. 
Remember that 

E F G H 

i^-'l) (^'^) ^2 ~ ^ + ^' 2 ~ ^ ~ ^) ib,l — a) 
Vi (-J/ 2) {-'bfCi) [a^-h -\,\- a-]-h^ {a-l,h) 

and let {x, y) the coordinates of the rotation centers of order 4. In the following 
we use the notations p, q, pf, qi, r, s, riSf e Z, z = 0, 1, . . . 



Fl. In this case 



1 

p^ + q- 

' rpp + spq Sqp - rpq 
p^ -\-q^ ' p^ + q^ 



{x, y) = {a, b) + 2 I 2 + sp-rq), 



{a,h) 



(^^y) = ^2 I ^2 {{r + ro)p + {s + So) q, (s + sq) p - (r + ro) q) , 
p -\- q 

1 

(^'y) ^ ^2 I o2 (''1?' + si^/Sip - rity) . 



These are included in the first and second types of general tiles. 
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F2. In this case 

1 

(x,y) = ia,b) + o , . {r {p + q) + s (q - p) ,s (p + q) +r {p - q)) , 

P -\- q 

I 

(^'y) ^ + ro) ip + q) + {s + So) {q - p) , 

p -\- q 

(s + So) {p + q) + {r + ro) {p - q)), 

1 

p'^ + q' 

Let pi = p + q and q\ = q — p. Then /? = ^izii ^nd q = SiiSi and 

2 

(^/y) = 2 , 2 (''i/^i + si^i/Sipi - riqi) . 

a) If p + (| is odd, then pi and are odd numbers and these are the fourth type 
of general tiles. 

b) lip + qis even, then pi and qi are even numbers. Let pi — 2p2 and qi — 2q2} 
then 

1 

(^/y) = 2 I 2 inP2 + Siq2,Sip2 - riq2) . 

P2 + '?2 

These are included in the first and second types of general tiles. 
Gl. In this case 

1 

p^ + q^ 



(^a b)= j 1 + ^ ~ (''o + ^o) P + ^7 (J'o - So) 1 (ro -so)p + q (ro + sq) 



2 2 p^ + q^ '2 p^ + q^ 

a) lip + q is even, these are included in the first type of general tiles. 

b) lip + qis odd, 

(i) if ro + So is even, let 

ro + so ro-so 
n^r — , si = s + ^ , 

= Q'O) + p2|^2 irip + siq,sip-riq). 

(ii) if ro + So is odd, then vq + sq — p — q and rg — sq — p + are even. Let 

_ rp + sp-p -q _ rp-sp-p + q _ 
^1 — 2 / Sj — 2 ' 

then ro + So = 2ri + p + and ro — so = 2si + p — and 
V P + ? 2 p"^ + q^ 
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Let r2 = r — r\ and S2 = s + si; 



This case b) represents the third type of general tiles. 
HI. In this case 

1 

p^^q 

sop-roq rop + soq 



a) If p + is odd, these are included in the first type of general tiles. 

b) lip + q\s even, let 

n = r + p - So, si=s + q + rQ- 
1 

(^'y) = ^2 I .2 {rip + siq,sip-riq). 

These represent the second type of general tiles. 
H2. In this case 

1 

(x,y) = {a,b) + . . . {r {p + q) + s {q - p) ,s {p + q) +r {p - q 

P -\- q 



{a,b) 

Let 



so{p + q)+ro{p-q) ro{p + q)+So {q - p) 
p^ + q^ ' p'^ + q^ 



ri=r-SQ, si = s + yq. 



1 

(x,y) = (l,0) + -2— 2 (J-I (p + t7)+si {q-p),si{p + q)+ri {p - 
p -rq 

Let pi — p + q and qi — q — p. Then p = ^izii and = Pi+Sl 

2 

(x,y) = (1,0) + 2 , 2 inpi+siqi,sipi - nqi) . 

Pi + qi 

Notice that pi and t/i are both even or both odd. 

a) If pi and qi are both odd, these are the fourth type of general tiles. 

b) If pi and qi are both even, let pi = 2p2 and qi = 2q2. Then 

1 

(X,y) = (1,0) + 2 , 2 (''lP2 + Si(?2,Sip2-ri(?2). 

These are included in the first and second types of general tiles. 
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3.2. The exceptions. Assume that the rotation center of order 4 is in the middle 
of the edge of one tile. Divide the tile in four identical squares ai-a2-(i3-ci/^, ^2-^3- 



a^-ai, &1-&2-&3-&4 and C1-C2-C3-C4, like it is shown in Figure 25 




Figure 25. 
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Figure 26. 



Figure 26 shows the rotation center of order 4 in the middle of the common 
edge of two tiles and two neighbor tiles. There are sixteen ways of choosing 
these last tiles: 
a) In six of them 

fll = fl3 = ^2 = ^4 = Ci = C3, 
fl2 = ^4 = = &3 = C2 = C4; 



the tile is like it is shown in Figure 27 a; 
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b) in two of them 



♦ 

f 

Figure 27. 



fll = fl3 = Ci = C3, 
fl2 = ^4 = C2 = C4, 

bi = ho,, b2 = b^; 





▼ 




















g 



the tile is like it is shown in Figure 27 0; 
c) in one of them 



Ui = h/^ = Ci, a2 = bi = C2, 
a3 = b2 = C3, fl4 = ^3 = C4; 



the tile is like it is shown in Figure 27:; 
d) in three of them 

fli = &2 = C3, a2 

fl3 = &4 = Ci, fl4 



C4, 
C2; 



the tile is like it is shown in Figure 271; 
e) in one of them 



h = C2, b2 = C3, bs = C4, &4 = ci; 



the tile is like it is shown in Figure 27 2; 
f) in two of them 

ai = = &2 
^2 = ^4 = bi 
C\ = C3, C2 = C4; 
the tile is like it is shown in Figure [27|F; 
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g) in one of them 



C2 = C4, b2 



C\ = C3, 



^3, CI2 = ^4) 



yi = ^3/ 3/2 = 1/3 = «4/ 1/4 = fli; 

there are four possibilities for the y's, but only one of them {ai 
gives a different tile; it is like is shown in Figure [27^. 
The tiles in Figure 27 a and 27 i can be obtained by the general rule, making 
p = 2 and q = in the first one, and p = 1 and q = lin the second one. The tile 

1 and q 



in Figure 27 2 can be obtained by the general rule, making p 
of the third type. 



0; it is 



The tiles in Figure 27 and 27 " are identical. 

Hence, if we do not consider reflections, there are three exceptions to the 



general rule, that are shown in Figures 13 -15 



Considering reflections, it is not difficult to see that there are the eight possibil- 



ities represented in Figures 13 -15 
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Appendix: three patterns with Eduardo Nery tile 




c2mm 

Figure 28. 
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p2mm 

Figure 29. 
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p4gm 

Figure 30. 
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